Optimal numberings and isoperimetric problems on graphs  by Harper, L.H.
JOURNAL OF COMBINATORIAL THEORY 1, 385-393 (1966) 
Optimal Numberings and Isoperimetric 
Problems on Graphs 
L. H. HARPER 
The Rockefeller University, 
New York, New York 
Communicated by Gian-Carlo Rota 
I. At the end of [1], the following unsolved problem was noted: How 
may the numbers 1, 2, ..., 2 n be assigned to the 2 n vertices of the n-cube 
so that the maximum absolute difference of numbers assigned to opposite 
ends of the same edge is minimized? As was noted in [1], A. W. 
Hales had pointed out that any numbering which, assigned to the 
(n )  ver t i cesw of weight w the ( : )numbers ,  /,satisfying 
w a(n)  
i=0 i -- i=0 i ' 
gives a lower maximum than the natural numbering if n is sufficiently 
large. By the "natural numbering" we mean that the n-tuple of zeros 
and ones (Vo, Vx, v,~-l) is assigned x-,,~-I vi2 i. Hales' observation was 
9 " ~ Z ,~I=O 
significant because the natural numbering is the canonical numbering 
which minimizes the average absolute difference of the numbers assigned 
to neighboring vertices. In this paper we shall show that a subclass of 
Hales' numberings actually does solve the problem of minimizing the 
max. 
The methods used are sufficiently general to solve related problems. 
Each minimization problem seems to have a dual maximization problem. 
In this case it is to find the numberings which maximize the minimum 
absolute difference. As it turns out the solution set for this problem is 
a subset of the numberings which maximize the average absolute dif- 
ference and so both functionals are maximized simultaneously. 
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All of these problems may be stated as purely graph-theoretical prob- 
lems, and we shall do so in the next section. The max min problem is 
especially interesting in that context as a little reflection shows it to 
be intimately related to the general problem of graph-coloring, which 
may be stated as follows: given a graph, what is the minimal integer 
0 such that 1, 2 . . . .  , 0 may be assigned to all vertices (numbers may be 
used more than once) so that the minimum absolute difference between 
numbers assigned to neighboring vertices will be at least one. 
II. DEFnqmONS. A graph is an ordered pair (V, E), where V is the set 
of vertices and E is a set of (unordered) pairs of vertices called edges. 
If a graph has N vertices, a numbering of the graph is any function 
q~ : V--+ {1, 2, ..., N}, 
which is 1-1 onto. A numbering ives a functional A, on E: 
if e= {v ,w},e6E ,  
then 
A e = I ~0(v) - ~(w)  I. 
Given a numbering q~, SI, the beginning segment of length l of q~ is the 
set 
{v ~ V : ~o(v) < l}. 
The n-cube, considered as a graph, has 
V = {(Vo, Vx ..... V.-l) : vi = 0 or 1 }, 
the set of all n-tuples of zeros and ones, and two n-tuples are in E if 
they differ in exactly one entry. 
Suppose we are given a graph having N vertices and asked to construct 
a numbering q0 which minimizes 
maxe~g Ae . 
Immediately below we present a program for constructing such a number- 
ing provided that the graph fulfils certain conditions. The program does 
not work for all graphs, but we shall see later that it does work for 
the n-cube. 
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PROGRAM. If there exists a numbering all of whose beginning segments 
obey the following two conditions, then max, A, for this numbering 
will be the minimum maxe Ae over all numberings of the graph: 
(i) For a set of l vertices, let ~t be the number of vertices in the set 
having neighbors not in the set. ~t must be minimized for all beginning 
segments St. 
(ii) The ~t' = l -- ~bt "interior vertices" of St must be numbered 
1, 2 . . . . .  ~t', i.e., have the lowest possible numbers on them. If they 
do exist, call such numberings Hales numberings. 
PROOf. Let q be any numbering and let t/i t' be the number of vertices 
not in St but having nearest neighbors in St. It is easy to see that, if St 
is contained in the interior of St', then l '>  l + ~z'. Therefore 
max, A, > maxt ~t c. 
But ~1 ' is just ~b~_t for the numbering ~0 c derived from ~ by reversing 
the order. Since max, A, for ~p is the same as max, A, for ~pC, we have 
max, A~ > max1 ~1. 
Conditions (i) and (ii) make it clear then that Hales numberings minimize 
max, A, if they exist and that for them 
max, A, = max/~l  9 
In some ways there is a great deal of similarity between the program 
presented here and the one given in [1] to minimize Y,,~EA,. In both 
cases we reduce the problem of minimizing a functional on the number- 
ings to one of solving a series of isoperimetric problems. Of course for 
different functionals the definition of the boundary of a set of vertices 
must be changed. In the previous paper e z was the same as #l  here 
except each vertex in the set was counted as many times as it had neigh- 
bors not in the set. There, corresponding to the above identity, we had 
2 n 
, /=1  
In [1] all numberings which minimize ~e Ae on the n-cube were found. 
This has not been possible for max, A,, but some uniqueness for our 
numberings will be shown later. 
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THEOREM 1. On the n-cube the following numberings have the smallest 
possible value of maxe d6: Number any vertex with 1; having assigned 
l, 2, ..., l, assign l + 1 to any open nearest neighbor of the lowest numbered 
vertex having open neighbors. 
A gross feature of the structure of these numberings that is obvious 
(and originally in Hales' crude class of numberings) is that, if I ---- ~=o ('0, 
then St will be just the set of vertices within Hamming distance w of 
the first, i.e., the vertex numbered 1. Before proceeding with the proof 
of Theorem 1 however, we need some definitions and a lemma. 
DEFINmON [2]. Consider a set, S, of l vertices on the n-cube. The 
origin, A, of such a set is that vertex whose i-th coordinate, al, is 0 if 
at least half the vertices in S have 0 in that coordinate, and 1 otherwise. 
Let the i-th coordinate divide the n-cube into two (n -- 1)-cubes. Then 
the set S is said to be stable in i if for each vertex v in S such that vi = 6i 
(di is 1 if ai = 0 and 0 if al = 1), the corresponding vertex with vl = ai 
is also in S. If S is stable in i for all i = 0, 1 .. . . .  n -- 1, then it is said 
to be one-dimensionally stable. 
Let coordinates i and j divide the n-cube into four (n -- 2)-cubes, 
and let S be a one-dimensionally stable set of vertices. Also let S' be 
the subset of S consisting of those vertices in the subcube vi----ai, 
v~ = t~y and let S" be the subset of S consisting of those vertices in the 
subcube vi ---- ai, v~. = aj. Then S is stable in coordinates i and j if either 
the set obtained by complimenting the i-th and j-th coordinates of each 
vertex in S' is contained in S" or vice versa. S is two-dimensionally stable 
if it is stable in every pair of coordinates. 
DEFINITION. A set of vertices which is two-dimensionally stable (and 
by definition then one-dimensionally stable) is said to be in normal 
form j f  its origin, A, is the all zero vector, and if v in S implies that 
every vector gotten by shifting ones to the left in v is also in S. Now 
given a two-dimensionally stable set of vertices, the first requirement 
for normal form may be fulfilled by complimenting the non-zero coor- 
dinates of A. I f  we then reorder the coordinates from right to left so 
that the number of members of S having zero in that coordinate is 
increasing, then the second condition is fulfilled. Thus we have 
LEMMA. Every two-dimensionally stable set of vertices may be put into 
normal form by reflections and rotations of the cube. 
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PROOF OF THEOREM 1. Referring back to the definition of Hales number- 
ings now, we see that it only remains to prove that the initial segments, 
Sz, of the numberings described fulfil Condition (i), i.e., that they maximize 
~b t' = l -- #z for each l. We shall actually show that the St's are essen- 
tially all of the sets which maximize #z' and thus that they are the unique 
solutions of the isoperimetric problem. 
First we note that all sets of vertices maximizing #~' are essentially 
two-dimensionally stable. To demonstrate this we will now describe 
a series of transformations which will change S to a two-dimensionally 
S 
Vi= G i Vl =Oi 
FIGURE 1 
stable set without decreasing ~( .  Divide the n-cube into two (n -- 1)- 
cubes, vl = ai and vi = ai. Then S is also divided into two parts. Each 
of these can, in turn, be divided into two parts, R1, U and R~, V as shown 
in Figure 1. The subsets R1 and R2 are equinumerous and correspond 
to pairs of vertices differing only in the i-th coordinate. U and V are 
S 
V. ~" G.  
I I I I 
~ \ \ \  \ 
~OURE 2 
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the sets of vertices whose corresponding vertices are not present in S. 
Define the transformazion Ti then to compliment the i-th coordinate of V 
and leave everything else fixed. (Figure 2.) Note that the distances between 
vertices within V are unchanged from those in V. Also every edge be- 
tween a vertex in V and one in R2 is replaced by a corresponding edge 
between V and R~. Then only difference between S and S' where 
Ti : S ~ S '  is that the distances between vertices in U and ~ are less 
than the corresponding distances between U and V. Thus ~z' of S' 
cannot be less than ~t' of S. 
Let S be a one-dimensionally stable set with origin A. Divide the 
n-cube into quadrants by restricting the i-th and j-th coordinates as 
in Figure 3. Then define the transformation T u to compliment Ua in 
V; = 0:  
Vj': Oj 
V. = O.  
I I 
V ,  = O.  
J J 
; /- ,  ,-/ 
!, -~, 
/ " /  U32,  
/ / / z / .  
/ , "~// 
," / / / / 
/ , / /  
,/ 2 / /~" 
I I 
/, , 'X// 
/~^, "// Vj = Oj "vv2// 
/ ' I / / / /  
V. = O. 
i I 
J J 
FIGURE 3 
the i-th and j-th coordinates. This changes S to S' as shown in Figure 4. 
Again the effect of T~y is to decrease distance between vertices in S' 
and thereby increase ~z'. This same arguement appears in [2]. 
If we apply Ti to S for all i, then S will become one-dimensionally 
stable. If  we then apply T u for all i and j  it will become two-dimensionally 
stable. Conversely, if the set S maximizes ~t', then the inverse of any of 
these transformations will strictly decrease ~t' unless it just moves those 
OPTIMAL NUMBERINGS AND ISOPERIMETRIC PROBLEMS ON GRAPHS 391 
vertices in S having no interior vertices as nearest neighbors. Thus, 
except for this small extra set, S will be two-dimensionally stable. 
I f  I ~ 1, 2 ..... n 4- 1, then it is trivial that any set of I vertices which 
maximizes ~t '  is essentially Sz, the beginning segment of some numbering 
., . . . .  . ,~ ,6 ,  
] . I . / / / /  
~ . . " / /  r ' / /  
/ 
"z; 
. .  , / . .  F /  
Ftoua~ 4 
as described in Theorem 1. Assume be way of induction then that this 
is true for l -- 1 > n q-- 1 and that S is a set of l vertices maximizing 
~z'. I f  S contains a vertex none of whose nearest neighbors are interior 
vertices and which is not an interior vertex itself, then we could remove 
it from S without lowering the number of interior vertices and ~z' = 
~b~_l. By induction, then, S is an St-1 with an extra vertex placed at 
random. If  this is not the case, then every vertex in S is an interior ver- 
tex or the nearest neighbor of one. Since this means that S is two- 
dimensionally stable, we may assume that it is in normal form. 
Now, dividing the n-cube into two (n -  1)-cubes by the rightmost 
coordinate also divides S into two parts having a and b vertices in each 
part a>b and aq-b=l .  Obviously a and b are non-zero since 
l > n + 1 implies ~t '  > 0. The quantity 
max ~b'(n -- 1) -F min{max Ca'(n -- 1), b} 
sets an upper bound on ~z'. But by induction on n we can maximize 
~ba'(n- 1) and ~bb' (n-  1) in each subcube with beginning segments 
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Sa and Sb of numberings of the (n -- 1)-cube, and this can obviously 
be done so that the upper bound is achieved. 
We desire to demonstrate the existence of a numbering q0 such that 
S is the beginning segment St for q0. So far we have only shown that 
the a configuration i  the subcube vn-1 = 0 is an S~ for some numbering 
tpo of the (n -- 1)-cube; that the b configuration in the subcube vn-x = 1 
is an Sb for some numbering q01 of the (n -- 1)-cube; and that Sb is 
either a subset of the vertices in that subcube which correspond (by 
being the unique neighbors in the subcube) to the interior vertices of 
S,, or it contains them. I f  we can show that 
~'~_a(n -- 1) < b ~ r (n -- 1) 
then we can say that St, is actually contained in the set corresponding 
to the interior vertices of Sa but not in any smaller such set. Also these 
inequalities make it clear that the beginning segment of length a for 
q~ is just the set corresponding to Sa. Thus we may assume that ~00 ---- ~v 1
modulo the natural isomorphism between the two subcubes. From ~0 
we construct a numbering ~ as follows: the vertices of the subcube 
vn_l = 0 will be numbered before vertices in v,~_a = 1 whenever there 
is an arbitrary choice in the algorithm of Theorem 1. Also the vertices 
in vn-1 = 0 will be numbered in the order given by ~0o. It is easily seen 
that q~ is a numbering as described in Theorem 1 and that Sz = S,, USb 
=Sfor  q0. 
To demonstrate that the inequalities 
~a-l(n -- 1) < b ~ q)a'(n -- 1) 
hold we must eliminate two possibilities: 
(i) b < ~a_x(n- 1). But then 
~t '  = ~- l (n  -- I) q- ~o'(n -- 1) : q)z-1, 
contrary to hypothesis. 
(ii) b > ~a'(n -- 1). In this case some vertex in the b configuration 
must be the nearest neighbor of a vertex in the subcube vn-1 = 0, 
which is either not in the a configuration and thus not in S, or which 
is in the a configuration but is not an interior vertex of it. These two 
possibilities both contradict the assumption that S is a two-dimensionally 
stable set. 
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III. Many variants and corollaries of the preceding analysis have 
been worked out but we shall only list the results here: 
a) Any set of 2 n real numbers may bes assigned. Order them, and 
(the same analysis shows that the Hale numberings will achieve 
min~ maxe d e for all sets of 2 n real numbers and so the numberings of 
Theorem 1 are unique in this respect. 
(b) The numberings of Theorem 1 will also minimzie maxe A e if 
the set of edges, E, is extended to YEa, the set of all pairs of vertices within 
Hamming distance d, 0 < d < n. 
(c) max mine Ae may be achieved by taking any Hales numbering, 
first numbering the even weight vertices and them the odd weight ver- 
tices in the order of the Hales numbering. 
(d) By induction 
min~maxe A~ = Y~ [ 2] 
7n~O 
on the n-cube. 
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